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Key Points:
• Most standard Earth-like numerical dynamo simulations cannot reproduce the ge-
omagnetic octupolar component from the past 10,000 years.
• We implement a stably-stratified layer at the top of the core in dynamo models
to determine the effects on the magnetic octupole.
• We find that specific ranges of stable layer thickness and stability are needed to
match geomagnetic observations.
Corresponding author: Chi Yan, cyan10@jhu.edu
–1–
ar
X
iv
:1
81
0.
04
22
3v
1 
 [p
hy
sic
s.g
eo
-p
h]
  9
 O
ct 
20
18
Confidential manuscript submitted to Geophysical Research Letter
Abstract
Current “Earth-like” numerical dynamo simulations are able to reproduce many char-
acteristics of the observed geomagnetic field. One notable exception is the geomagnetic
octupolar component. Here we investigate whether a stably stratified layer at the top
of the core, a missing ingredient in standard dynamo simulations, can explain the ob-
served geomagnetic octupole. Through numerical simulations, we find that the existence
of a stable layer has significant influence on the octupolar-to-dipolar ratio of the mag-
netic field. Particularly, we find that a 60 km stable layer with relatively strong stabil-
ity or a 130 km layer with relatively weak stability are compatible with the observations,
but a 350 km stable layer, as suggested by recent seismological evidence, is not compat-
ible with Earth’s octupole field over the past 10,000 years.
1 Introduction
The geomagnetic field is generated through dynamo action operating in Earth’s liq-
uid outer core, where convection is driven by thermal and compositional buoyancy forces
as Earth slowly cools and the inner core solidifies. Archeomagnetic and paleomagnetic
data demonstrate that Earth’s field is axially-dipolar dominated on long timescales and
exhibits variability on various timescales including westward drift, excursions and ape-
riodic reversals. Numerical simulations of dynamo action are used to investigate the mech-
anism responsible for generating Earth’s magnetic field. Comparing the results of these
simulations to observations of the present and past geomagnetic field provides vital in-
formation on processes occurring in Earth’s deep interior. Geodynamo models aim to
reproduce the salient features of the geomagnetic field including the dipole dominance,
spatial power spectrum and temporal characteristics of the variability. Researchers have
proposed quantitative criteria for determining whether a simulated field is “Earth-like”
and determined regions of parameter space where such fields occur [Christensen et al.,
2010; Davies & Constable, 2014]. Models in this parameter space are believed to pro-
vide the best insights into Earth’s dynamo processes.
However, one large-scale field characteristic that many Earth-like models cannot
reproduce is the octupolar component of the magnetic field (Figure 1). Here we use Gauss
coefficients to represent the different modes of the magnetic field morphology. Outside
the fluid core, where the magnetic field B can be represented as the gradient of a scalar
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potential V , the Gauss coefficients are defined by the expression
V (r, θ, φ) = re
∞∑
l=1
l∑
m=0
[gml cosmφ+ h
m
l sinmφ](
re
r
)
l+1
Pml (cosθ) (1)
where r is radius, θ is co-latitude, φ is longitude, re is the radius of Earth’s surface, g
m
l
and hml are Gauss coefficients, l and m are spherical harmonic degree and order, respec-
tively, and Pml (cosθ) are associated Legendre polynomials. The three largest zonal sig-
nals are the dipole (g01), quadrupole (g
0
2) and octupole (g
0
3). Following previous studies,
we scale the octupole and quadrupole components to the dipole component (g03/g
0
1 and
g02/g
0
1) for comparison. A standard Earth-like model tends to produce an octupolar-to-
dipolar ratio (g03/g
0
1) that is always positive and larger than observational values over
the past 10,000 years. This discrepancy between a standard model and the paleomag-
netic model suggests that another ingredient may be necessary in the models to prop-
erly simulate Earth’s dynamo processes.
Here we investigate whether a stably stratified layer at the top of Earth’s core could
be that ingredient. The presence of such a layer has long been proposed based on ev-
idence from seismology [Tanaka & Hamaguchi , 1993] and geomagnetic secular variation
[Braginsky , 1993, 1999]. However, there is disagreement on the thickness and stability
of this layer; properties which depend on the stable layer’s origins. Recent seismologi-
cal evidence suggests the layer may be over 300 km thick [Tang et al., 2015; Kaneshima,
2018]) whereas secular variation studies suggest a thickness between 60−140 km [Gub-
bins, 2007; Buffett , 2014]). Proposed origins for such a layer include a sub-adiabatic tem-
perature gradient in the upper core due to its high thermal conductivity, producing a
stable layer with thickness that may range from ∼ 100 km [Lister & Buffett , 1998] to
∼ 740 km [Gubbins et al., 2015]; compositional layering due to light element expulsion
from inner core crystallization, resulting in a ∼ 250 km thick layer [Helffrich, 2013]; bar-
odiffusion in the core, with a ∼ 100 km thick layer [Gubbins & Davies, 2012]; or a relic
of merging cores from giant impacts early in Earth’s history, with a ∼ 300 km thick layer
[Landeau et al., 2016].
In this study we use numerical dynamo simulations to evaluate the effects of a sta-
bly stratified layer at the top of Earth’s outer core on the resulting geomagnetic octupole.
Details of the numerical methods can be found in Section 2, results in Section 3, discus-
sions in Section 4, and conclusions in Section 5.
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2 Numerical Methods
We use the numerical dynamo model mMoSST [Jiang & Kuang , 2008] to solve the
coupled equations governing dynamo action in a fluid, electrically conducting, rotating
outer core surrounding a solid, electrically conducting inner core. This model has been
shown to reproduce benchmark results [Christensen et al., 2001]. Further details on the
relevant dynamo equations, non-dimensional parameters and the numerical method can
be found in Kuang & Bloxham [1999] and Jiang & Kuang [2008]. We additionally im-
plement a stably stratified layer at the top of the core, where the layer stability is main-
tained through the background co-density gradient, in a similar manner as previous dy-
namo studies [e.g. Stanley & Bloxham, 2004; Stanley & Mohammadi , 2008; Christensen
& Wicht , 2008]. Further details on the non-dimensional parameters, model equations
and implementation of stratification can be found in the supplementary material.
Due to numerical constraints, dynamo simulations cannot operate with realistic Earth-
like parameters. However, scaling laws can be used to determine combinations of com-
putationally attainable parameters that can produce dynamo generation with Earth-like
characteristics. Christensen et al. [2010] proposed conditions for an Earth-like dynamo
model by defining quantitative criteria evaluating the level of agreement of the output
from a numerical simulation with observed properties of the geomagnetic field morphol-
ogy. We adopt their χ2 criterion, which is composed of four separate quantities, to eval-
uate the performance of our models. These four quantities are: (1) the ratio of the power
in the axial dipole component to the power in the rest of the magnetic field, (2) the ra-
tio of the power in the equatorially antisymmetric and symmetric magnetic field, (3) the
ratio of the power in zonal and non-zonal non-dipole magnetic field, and (4) the concen-
tration factor of magnetic flux at the core surface.
For this study, we consider model C1-4* from Davies & Constable [2014], which
satisfies the χ2 criterion but does not reproduce the observed g03/g
0
1 ratio (Figure 1). We
add stable layers of different thicknesses, i.e. 60 km, 130 km and 350 km, and strength
of stratification to this model to determine whether it is possible to match both the χ2
criterion and the g03/g
0
1 ratio. We also examine a case with no stable layer for compar-
ison. Numerical simulation details are listed in Table 1. We use the Boussinesq approx-
imation and apply co-density boundary conditions of fixed buoyancy at the inner core
boundary (ICB) and fixed buoyancy flux at the core mantle boundary (CMB); no-slip
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boundary conditions on the velocity field; and magnetic field boundary conditions at the
ICB for a finite electrically conducting inner core with equal conductivity to the outer
core and at the CMB for an insulating mantle. We use finite differencing in the radial
direction with 58 Chebyshev collocation points. Each spherical shell is resolved in lat-
itude and longitude using spherical harmonics with maximum degree and order lmax =
31,mmax = 23. Our models are resolved. For example, simulations with lmax = 50,
mmax = 41 and 78 radial points produce similar power spectra from degree 1 to 31 and
the power in the highest degree lmax = 50 is 12 orders of magnitude smaller than the
power in the lower degree lmax = 31.
Table 1. Model parameters: ∆r is the thickness of the stable layer. (N/2Ω)2 measures the
strength of the stable layer stratification where N is the Brunt − V a¨isa¨la¨ frequency and Ω is
the angular velocity. Other non-dimensional parameters relevant to the models are held fixed
at Ekman number of E = 1.2 × 10−4 , Prandtl number Pr = 1, the magnetic Prandtl number
Pm = 2 and the modified Rayleigh number Ra = 8.33 × 105 (note that the definition of these
nondimensional numbers is given in the supplementary information).
Model ∆r (km) ( N2Ω )
2
0 0 0
1 60 [0 → 1.36]
2 130 [0 → 1.36]
3 350 [0 → 1.36]
3 Results
Figure 2 shows the g03/g
0
1 ratio averaged over 10, 000 years for our models. Although
we ran our simulations for longer than 10,000 years, we chosen a random 10,000 year win-
dow in our simulations to present results here and confirmed that other randomly-chosen
10,000-yr windows produced similar results. The historical g03/g
0
1 ratio from paleomag-
netic model CALS10k.2 is also shown in the yellow shaded region. For the control model
with no stable layer, g03/g
0
1 is constantly larger than the values in CALS10k.2 model and
never produces the negative values seen in CALS10k.2 model. However, for models with
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a stable layer, the average g03/g
0
1 ratio decreases as the layer stability increases for all val-
ues of stable layer thickness we investigated. The ratios tend towards an equilibrium value
as (N/2Ω)2 increases. This suggests that once a layer has become stable enough to fully
inhibit convective flows (see Figure S3), there is no further effect on the g03/g
0
1 ratio. Ex-
amining the cases with different stable layer thicknesses demonstrates that the thicker
the layer, the more g03/g
0
1 is impacted, both in terms of average values and variations.
To determine which of our models can reproduce the most Earth-like character-
istics, we first exclude models that don’t produce the historical g03/g
0
1 ratio, namely, we
exclude models that don’t produce time averages that are consistent with the observa-
tions as well as models that don’t produce standard deviations that include both pos-
itive and negative values (e.g. the lack of positive g03/g
0
1 values is why models with ∆r =
130 km and (N/2Ω)2 = 0.54 and 0.68 are excluded even though their mean values are
consistent with the observations). This leaves 8 cases out of 33 simulations which are marked
by asterisks in Figure 2. Next we exclude models that do not meet the quantitative cri-
terion χ2 from Christensen et al. [2010], leaving 5 cases marked by pentagrams in Fig-
ure 2 that comply with standards for “good” agreement (χ2 < 4) between the simu-
lated field and the paleomagnetic model CALS10k.2 (Table S1) as well as meeting the
g03/g
0
1 ratio constraint. For visualizations of the radial magnetic field, see Figure S4(a).
We also investigated the zonal quadrupole to dipole (g02/g
0
1) ratio in our simula-
tions (Figure S1, S2). A standard Earth-like model without a stable layer is able to re-
produce the historic values for this ratio and the addition of a stable layer in our mod-
els did not affect the ratio. Our results are therefore also consistent with observations
for the quadrupolar field, although this wasn’t an issue for the standard model to be-
gin with. The lack of dependence of the zonal quadrupole on the presence of a stable layer
may be due to the fact that the zonal quadrupole belongs to a different dynamo sym-
metry family than the zonal octupole and dipole and is therefore generated by different
convective modes.
Previous work has also demonstrated that a spatially variable CMB heat flux pat-
tern can affect the zonal octupole component [Bloxham, 2000; Heimpel and Evans, 2013].
For example, a surface spherical harmonic degree-2, order-0 (Y 02 ) pattern of heat flux
perturbation at the CMB has been shown to result in a positive g03/g
0
1 ratio that can bet-
ter match paleomagnetic data from 250 Myr ago [Bloxham, 2000]. It is thus necessary
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for us to examine the possible effects of the CMB heat flux variation over the past 10,000
years to disentangle the possible influences of CMB heat flux variation and the stable
layer on the g03/g
0
1 ratio. We have therefore imposed the current era’s dominant heat flux
signature (Y 22 pattern) discerned from mantle tomography on the CMB in our models
to investigate the effects on the g03/g
0
1 ratio.
Figure 3 shows that: 1) when there is no stable layer, adding a Y 22 pattern of heat
flux variation doesn’t change the average ratio although it causes a larger variation, as
suggested previously by Bloxham [2000], and 2) a Y 22 pattern of heat flux variation did
not significantly affect the g03/g
0
1 ratio in our models. As a result, we conclude that the
g03/g
0
1 ratio is insensitive to the largest component of the modern era CMB heat flux pat-
tern.
4 Discussion
Our study demonstrates that a stably stratified layer at the top of Earth’s core may
be necessary to explain the zonal octupolar component of the geomagnetic field over the
past 10,000 years. It should be noted that other magnetic models such as CHAOS-4 [Olsen
et al., 2014] and gufm1 [Jackson et al., 2000] have higher spatial and temporal resolu-
tions compared to CALS10k.2 used in this study. However, those models only cover short
time periods (recent decades) and therefore represent more of a snapshot of core pro-
cesses making it unclear how representative they are of longer-term behavior. We wanted
to compare average behavior on longer timescales and the CALS10k.2 model allowed for
that. That being said, if we were instead to assume that the CHAOS-4 and gufm1 mod-
els from data over the past couple of decades was a better proxy of the average behav-
ior of the large-scale components of the Earth’s magnetic field over the past 10,000 years,
then the prediction would be for an octupole-to-dipole ratio of −0.0453±0.0002 which
is even further removed from the standard dynamo models without a stable layer than
the data from the CALS10k.2 model. This would suggest that an even larger correction
to the models would be needed (e.g. a thicker, more stable layer, or other new features
in the model). We therefore feel we are making the conservative choice in this study by
using the CALS10k.2 data as representative of average behavior over the past 10,000 years.
Almost all models with a 350 km thick stable layer fail to match the geomagnetic
octupolar constraint. The exception is our model with weak layer stability (N/2Ω)2 =
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0.14 but this model fails to match the Earth-like χ2 criterion. This suggests discrepancy
with recent seismic claims [Tang et al., 2015; Kaneshima, 2018] unless the seismic ob-
servations are capturing a physical process that is not being considered in our model-
ing approach of the stably stratified layer, (in particular, since the models operate in a
parameter regime far from that of Earth’s core.)
The reason for the stable layer’s influence on the octupolar component of the mag-
netic field resides in the dynamo mechanism itself. Figure 4(a) shows that there is am-
plified power in velocity modes (l,m) = (3, 0) and (5, 0) due to the presence of a sta-
ble layer where models with larger layer stabilities lead to stronger amplification in these
zonal flows. Dynamically as the stable layer is implemented, it forces thermal wind in
the outer core (e.g. see Figure S4(b)) to be concentrated into the deeper region of the
outer core, which results in a strengthened signature in the zonal octupolar toroidal ki-
netic energy. However, future studies are needed to scale the modeled zonal flows to these
flows in real Earth conditions.
Figure 4(b) shows that models with a stable layer only see amplification in the g03/g
0
1
ratio and not other magnetic modes. The amplified octupolar zonal flow can lead to cre-
ation of the magnetic octupole field through a two-step dynamo mechanism described
with the Bullard & Gellman [1954] formalism as:
Step 1: (T 03 S
1
2T
1
1 )
Step 2: (S12T
1
1 S
0
3)
Step 1 is described by an Adams-Gaunt integral which involves the octupolar zonal
flow (T 03 ) acting on the poloidal magnetic field (S
1
2) to generate a toroidal magnetic field
(T 11 ). Step 2 is described by an Elsasser integral where a poloidal flow (S
1
2) acts on the
toroidal magnetic field (T 11 ) which was generated in Step 1 to generate the new magnetic
zonal poloidal octupole field (S03) that is observed. Similar to the above two-step dynamo
mechanism, there are other paths leading to the creation of the magnetic octupole field
through the amplified zonal flow in degree 5.
A recent geodynamo study investigating partially stratified regions, where convec-
tion can occur locally in a stable layer due to strong thermal influences from the CMB,
also found that the octupolar field is affected by the presence of a stable layer. However,
they found the g03/g
0
1 ratio increased with layer stability and always produced a positive
ratio [Olson et al., 2017]. Their results would therefore not be consistent with observa-
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tions, although it was not the purpose of that study to match observations. The reason
for the differences between our studies is likely related to the fact that they were per-
formed in different parameter regimes. This demonstrates that the effects we observe may
be limited to the specific scenario appropriate to an Earth-like dynamo regime.
The model with 130 km stable layer and (N/2Ω)2 = 0.27 in this study is simi-
lar to the result in Buffett [2014] with a 140 km layer and (N/2Ω)2 ≈ 0.26. However,
the level of stratification investigated here is smaller than some previous predictions for
what is expected in Earth’s stable layer. For example, the Gubbins & Davies [2012] bar-
odiffusion model has (N/2Ω)2 ranging from 100 ∼ 400. However, the flattening of the
g03/g
0
1 ratios in our results (e.g. in Figure 2) suggests that further increasing the strat-
ification in our models would not significantly affect the results. By this point, the layer
is fully stratified with extremely small radial motions (see Figure S3). This suggests that
there is no entrainment by the underlying convection into the stable region.
It is worth noting that a stably stratified layer might not be the only mechanism
affecting the magnetic octupole. For example, Bloxham [2000] found that the Y 02 CMB
heat flux variation pattern from 250 Ma increases the g03/g
0
1 ratio compared to a model
with no CMB heat flux variations. Modern day values of Y 02 may be quite small [e.g. Zhang
& Zhong , 2011] and hence they may not significantly affect the g03/g
0
1 ratio. However,
if they are somewhat comparable to the Y 22 amplitude (as suggested in some seismic stud-
ies) then the Bloxham [2000] study suggests they would actually work to increase the
g03/g
0
1 ratio compared to a scenario with no Y
0
2 heat flux pattern. This could exacerbate
the issue of matching the g03/g
0
1 observations with dynamo models and would suggest that
an even stronger or thicker stable layer may be needed. In addition, there are previously
published dynamo models that do match the χ2 criterion and the g03/g
0
1 ratio for par-
ticular parameter choices. For example, a previous study by Davies et al. [2008] captures
the modern-day average g03/g
0
1 ratio in a model with no stable layer, but in a low Rayleigh
number regime with relatively large lateral CMB heat flux perturbations that may not
be Earth-like. Furthermore, Landeau et al. [2017] finds that the g03/g
0
1 ratio may also de-
pend on inner core size. That study implemented different buoyancy conditions relevant
to various potential thermal histories for the inner core and showed that the g03/g
0
1 ra-
tio decreases as the inner core grows through time reaching values similar to present day
observations for present day inner core sizes. These studies demonstrate that a stable
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layer may not be the only potential explanation for the present day g03/g
0
1 ratio, but that
other ingredients involving core thermal histories may contribute as well.
5 Conclusion
Our study demonstrates that a stably stratified layer at the top of Earth’s core may
be necessary to explain the zonal octupolar component of the geomagnetic field over the
past 10,000 years. We found that a fairly thin stable layer (60 km) needs to be relatively
strongly stratified ((N/2Ω)2 ∈ [0.95, 1.22]) whereas a moderately thick layer (130 km)
needs to be more weakly stratified ((N/2Ω)2 ∈ [0.14, 0.27]). Our model with a 350 km
thick stable layer could not match the geomagnetic zonal octupolar constraint and the
Earth-like χ2 criterion.
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Figure 1. The magnetic octupole-to-dipole ratio for paleomagnetic observations from the past
10,000 years from CALS10k.2 [Constable et al.,, 2016] and for an Earth-like dynamo model that
does not include a stable layer (Model 0 of Table 1). The simulation time is re-dimensionalized
through the magnetic diffusion time scale d2/η to have the same time span as in the CALS10k.2
model. The magenta line gives the time-averaged value from the model and the shaded magenta
region represents the standard deviation about the average. The observational values are shown
in the solid blue line with the black line representing the average and the shaded yellow region
representing the standard deviation about the average.
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Figure 2. The g03/g
0
1 ratio as a function of stable layer properties. The error bars show the
standard deviation in time of the g03/g
0
1 ratios about the average values given by the circles. The
model represented by a triangle is the control model 0 from Table 1 with no stable layer. As-
terisks mark cases producing compatible g03/g
0
1 ratios compared to CALS10k.2 and pentagrams
mark cases that also meet the criterion χ2.
Figure 3. The sensitivity of the ratio g03/g
0
1 to the modern day heat flux variation pattern at
the CMB, for a model with a 350 km stable layer. The blue line is the same as that in Figure 2.
q∗ is the ratio of the heat flux anomaly divided by twice the average heat flux at the CMB.
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Figure 4. (a) Normalized toroidal kinetic energy as a function of zonal spherical harmonic
mode and (b) Deviation of the g0l /g
0
1 ratio in the 350 km case with different stratification
(N/2Ω)2 values, averaged over 1 magnetic diffusion time. Both x axes list the sequential zonal
spherical harmonic (SH) degree, the y axis in (a) shows the fraction of the toroidal kinetic en-
ergy of a single mode whereas the y axis in (b) shows the deviation of the g0l /g
0
1 in that model
compared to the g0l /g
0
1 value without a stable layer (SL).
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Numerical Model Details
Fundamental equations and non-dimensionalization
In the model, the Navier-Stokes, magnetic induction, and energy equations are non-
dimensionalized using the same characteristic scales as in Davies & Constable [2014]. The
fundamental units are listed here for completeness of this study: the shell thickness of
the dynamo region d as a length scale, τ = d2/η (where η is the magnetic diffusivity)
as a time scale, βd (where β is the buoyancy gradient at the outer core boundary) as a
buoyancy scale and
√
2ρΩµ0η (where Ω is the angular velocity, ρ is the density and µ0
is the permeability of vacuum) is the magnetic field intensity scale. The non-dimensional
equations are:
E
Pm
(∂t + v · ∇)v + lz × v = −∇p+ J×B +RaΘr + E∇2v (1)
(∂t −∇2)B = ∇× (v ×B) (2)
(∂t − Pm
Pr
∇2)Θ = −v · ∇[C0(r) + Θ] +Q (3)
where v and B are the velocity and magnetic perturbation fields. Θ is the buoyancy per-
turbation field from the static co-density state C0. The total co-density field C is there-
fore written as C = C0 + Θ (further information on this variable in the next section).
Corresponding author: C. Yan, cyan10@jhu.edu
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Q represents the internal buoyancy sources and p is the modified pressure, J the current
density and lz is the unit vector in the direction of the rotation axis. The non-dimensional
parameters in the equations are the Ekman number, the modified Rayleigh number, the
Prandtl number and magnetic Prandtl number which are defined by:
E ≡ ν
2Ωd2
(4)
Pr ≡ ν
κ
(5)
Pm ≡ ν
η
(6)
Ra ≡ αg0βd
4
νκ
(7)
where ν is the kinematic viscosity, κ the buoyancy diffusivity, α the buoyancy expansion
coefficient and g0 is the gravitational acceleration.
Implementation of stratification
In our simulations, we use the buoyancy variable C, termed the ”co-density”, which
combines the buoyancy effects from the perturbations from the core’s mean state of the
light-element concentration ∆χc (not to be confused with Earth-like criterion χ
2) and
the temperature ∆T . The non-dimensional co-density is given by
C = α∆T + αc∆χc (8)
where α and αc are thermal and compositional expansion coefficients, respectively. The
gradient of the co-density ∇C thus measures the buoyancy flux. In the convecting re-
gion, the reference state co-density gradient can be written
dC0(r)
dr
=
β(b)
r2
+ β(i)r + β(s)r3 (9)
where the constants β(b), β(i) and β(s) define the amount of the bottom, internal and non-
uniform specific buoyancy sources separately. We use the same parameter values as model
C1-4* of Davies & Constable [2014], where the bottom buoyancy constant β(b) = 9.33
and the internal buoyancy constant β(i) = −1.67, whereas the specific buoyancy source
is small enough to be neglected [Davies & Gubbins, 2011]. We set a specific radius for
the onset of the stably stratified layer where the reference co-density gradient in equa-
tion (9) above is replaced by a prescribed positive constant A,
dC0(r)
dr
= A (10)
–2–
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that we vary to adjust the strength of the stratification. The parameter A can be related
to the Brunt− V a¨isa¨la¨ frequency N [Gills, 1982], which is given by
N2 = −g[ρg
κs
+
1
ρ
dρ
dr
] ≈ −g
ρ
dρ
dr
(11)
where κs is the bulk modulus. Keeping the dominant term we can relate the strength
of the stratification N/2Ω to the parameter A by equation
(
N
2Ω
)2 ≈ RaE
2
Pr
A (12)
Figure S1
Same as Figure 2 but for the zonal quadrupole to dipole ratio.
Figure S2
Same as Figure 3 but for the zonal quadrupole to dipole ratio.
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Figure S3
(a) The non-dimensional radial velocity v′ profiles in models with a 350 km sta-
ble layer and various layer stratification (N/2Ω)2, where v′ = vd/η for a dimensional
velocity v. Note the magnetic Reynolds number in our simulations range from 110 to
150. The x axis shows the outer core region from ICB (1225 km) to CMB (3500 km) whereas
the y axis shows the magnitude of the radial velocity averaged over 1 magnetic diffusion
time and the spherical surface at each radius. The black dash-dot line marks the bound-
ary of the implemented stable layer (i.e. rCMB−∆r). (b) The time averaged zonal flows
in a model without a stable layer (left column) and with a 350 km stable layer and ( N2Ω )
2 =
1.3564 (right column).
–4–
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Figure S4
(a) Snapshots of the radial magnetic field at the CMB and (b) time-averaged ax-
isymmetric buoyancy wind profiles in a model without a stable layer (left column) and
a 130 km stable layer model with (N/2Ω)2 = 0.2713 (right column).
Table S1
χ2 evaluation for our models in Table 1 as well as the models with core-mantle bound-
ary heat flux variations. The underlined cases are in good agreement with the geomag-
netic observations based on the χ2 criterion. The bold cases match both the χ2 crite-
rion as well as the g03/g
0
1 ratio constraint. The definition of q
∗ is in the Figure 3 caption.
Table S2
Averaged values of the g03/g
0
1 ratio with the standard deviation for our models in
Table 1 as well as the models with core-mantle boundary heat flux variations.
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